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e· ; 1. Introduction and definitions. 
Hedayat and Seiden (1970) generalized the concept of mutually 
. . 
orthogonal latin squares to the concept of mutually orthogonal F-
s~uares. ·Cheng {1980) generalized.the concept of mutually orthogonal 
latin hypercubes to the concept of mutually orthogonal F-hyperrec-
tangles. A proof of the universal_ optimality of a set of mutually 
orthogonal F-hyperrectangles with variable number of symbols for ·the 
elimination of multi-way heterogeneity and as a fractional factorial 
design was given. Two theorems on the existence of sets of mutually 
orthogonal F-hyperrectangles with the same number of symbols, a 
special case, were also given •. 
In this paper we give an upper bound on the number of mutually 
orthogonal F-hyperrectangles with variable numbers of symbols. We show 
that this bound is reached for N1 x N2 x ••• x Nn hyperrectangles 
where each Ni is a power of s, i = 1, ... ,n, when. s i·s a prime or 
prime power. We also show how to construct a set of mutually orthogonal 
F-hyperrectangles from a set of ·mutually orthogonal latin hypercubes. 
Cheng (1980) defined the concept of a F-hyperrectangle as 
follows. Coordinatize the H N. cells of an n-dimensiona.l hyper-
. 1 1 1= 
rectangle of size N1 x N2 x ••• x Nn by the n~tuples :of integers 
(jpj2, •• .,jn) where 1 ~ ji ~ Ni. An F-h.>?perrectangle is an arrange-
ment of s symbo 1 s into the H N. ce 11 s', 
i=l 1 
i = l, •.• ,n, such that each symbol appears 
where sj n NJ. for 
jri 
s-1( n NJ.) times in each 
j~i 
i i of the N; sets H1, H2, ... , H~. , where H ~
, J 
in the set of all cells 
Y~ith j as the ith coordinate, j = l, .•. ,Ni. Two F-hyperrectangles 
' 
are said to be orthogonal if, when superimposed on one another, every 
ordered pair of symbols occurs the same number of times. 
2. Constructing mutually orthogonal F-hyperrectangles. 
Cheng (1980) showed that for a set of m mutually orthogonal 
F-hyperrectangles of size N1 x N2 x ••• x Nn with the same number of 
symbols s, 
n n 
m < { n N.- I (Ni -1) ~-1)/{s- 1) . 
- i=l 1 i=l 
' 
For F-hyperrectangles with differing numbers of symbols we have the 
following result, 
THEOREM 2.1. If {Fl'F2, ... ,Fm} is a set of rn mutually orthogonal 
F-hyperrectangles of size N1 x N2 x ••• x N0 and s1,s2, ... ,sm 
symbols respectively, then 
Proof: 
m n n L (s. - 1) ~ n N. - I {N. - 1) - 1 
i=l 1 i=l 1 i=l 1 
From Rao (1973) we have that for an OA(N; s1 , ... ,sn;2), the 
n 
inequality N- 1 ~ I (s; - 1) holds. Since a set of m mutually 
i=l 
orthogonal F-hyperrectangles of size N1 x N2 x •.• x Nn and 
. n 
s1,s2, ... ,sm symbols 1s an OA(.n N1; N1,N2, ... ,Nn,s1,s2, ... ,sm;2) 
1=1 
we have that 
n 
IT 
i=l 
N. - 1 
1 
n m 
> I (N; - 1) + I (s. - 1) 
i=l i=l 1 
-· 
and so, 
m n n I (si - 1) ~ n N1 - I (N1 - 1) - 1 i=l 1=1 1=1 
Theorem 2.1 therefore gives an upper bound on the number of 
mutually orthogonal F-hyperrectaugles with differing numbers of symbols. 
That number we can see depends . on the va 1 ue·s of the si, the number of 
symbols in each F-hyperrectangle. When the upper bound is reached we 
have a complete set of mutually orthogonal F-hyperrectangles. 
We say that a F-hyperrectangle f decomposes into a set of 
mutually orthogonal F-hyperrectangles {F1,F2, .•. ,ft} if Fi can be 
obtained from F by identifying different symbols for i = l, •.• ,t. 
The following theorem deals with the decomposition of F-hyperrectangles 
where the number of symbols is a prime-power. 
THEOREM 2.2. !f s = ph, where p is a prime or prime power and h 
is a positive integer, and each Ni is a power of s, i = l, ... ,n, 
then ·a F-hyperrectangle of size N1 x N2 x ••• x Nn and s symbols 
can be decomposed into (s- 1)/(pk- 1) mutually orthogonal 
F-hyperrectangles of size N1 x N2 x ••• x Nn and pk symbols, for 
all integers k that divide h . 
Proof: Let s = ph, where p is a prime or prime power and h is 
a positive integer, and let k be an integer that divides h. By 
Rao (1946) there exists an (s,(s - 1)/(pk- 1), pk, 2) orthogonal 
array. Denote it by the symbol OA. Then OA has the following form: 
e· 
I 
~~ 
OA = 
where r = I< and x .. £ {0,1,2, ••• ,p - 1} 
. lJ for 
i = l, ••. ,r and j = l, ••. ,s. Let F be a F-hyperrectangle of 
size N1 x N2 x ••• x Nn and s symbols with the symbols denoted 
as 0, 1, 2, ••• , s ~ 1. Replace symbol j of F with symbol 
xl,(j+l) of OA for j = O,l,2, ... ,s- 1. It can be seen that the 
resulting design is a F-hyperrectangle of size N1 x N2 x ••• x Nn 
and pi< symbols. Call this F~hyperrectangle F1• Likewise replacing 
symbol j of F with symbol x2,(j+l) of OA for_. j = 0,1,2, ... ,s-l 
will give us a second F-hyperrectangle of size N1 x N2 x ••• x Nn 
and pk symbols. Call it F2. Using all r rows of OA we can 
obtain r F-hyperrectangles F1,F2, ... ,Fr of size N1 x N2 x ••• x Nn 
and pk symbols. Since each F;, (i = 1, ... ,r) comes from a row of the 
orthogonal array OA, the set {F1,F2, ... ,Fr} forms an orthogonal set 
of F-hyperrectangles. 
Cheng (1980) proved the existence of a complete set of 
mutually orthogonal F-hyperrectangles of prime power order and the 
same number of symbols. We have the following result concerning a 
complete set of mutually orthogon~l F-hyperrectangles with differing 
numbers of symbo 1 s. 
THEOREM 2.3. lf s =ph, where p is a·prime or prime power and h 
. . 
is a positive integer, and each N; is a power of s, 1 = 1, .. ~,n, 
then there exists a complete set -~-Fl'F2 , ••• ,ft} of t mutually 
. . . 
orthogonal F-hyperrec~angles of size N1 x N2 x ••• x Nn and 
sl's2, ••• ,st symbols respectively; where si _= pk1, for integers 
k. that divide h (i = 1 , ••• ,t). 1- . 
Proof: · Cheng {1980) showed that ·if s is a pri~e power, and each 
N; is a power of s, i _= l~ ... ,n, then there exists a complete set 
n n - . - -
of u = C 1 ~1 Ni - i~l (Ni ~ 1) - 1)/(s - 1) mutually orthogonal 
F-hyperrectangles·of size- N1 x N2 x ••• x Nn and s symbols. Let 
the u orthogonal F-hyperrectangles be labeled as G1,G2, ••• ,Gu. By 
theorem 2.2 we can.decompose each Gi (i = 1 , ••• ,u) into (s - 1 )/(pki - 1) 
mutually orthogonal F~hyperrectangles of size N1 x N2 x x Nn and 
pki symbols, where ki is a positive integer that divides h • Let 
.• 
t be the total number of F-hyperrectangles constructed by the decompo-
sitions. Denote these t F-hyperrectangles as F1,F2, ... ,Ft . It can be 
seen that the set {F1,F2, ... ,Ft} ~san orthogonal set because the 
Fi's are decompositions of the orthogonal set {G1,G2, ... ,Gu} . 
It remains ~o show that the orthogonal set {F1,F2, ••• ,Ft} 
is complete. From above, F1. has pki symbols, where k. divides 
. 1 
h. Now, 
t I <Pk; - 1) = 
i=l 
I [(s- 1)/(pkj - 1)](pkj - 1) j=l 
= u(s - 1) 
n 
= [( n Ni 
i=l 
n 
= n N. 
. 1 1 1= 
n 
L (N. - 1) - 1)/(s - l)](s - 1) 
. 1 1 1= 
n I (N.-1)-1 
; = 1 1 
and so the set {Fl'F2, ••• ,ft} is complete by theorem 2.1. 
Cheng (1980) showed that if there exist orthogonal arrays 
OA(N1,ni,s,2) fori = l, ••• ,k, then there exist m mutually orthogonal 
F-hyp:rre.ctangles of siz~ ·N1 x N2 ·x .••• ·x. Nk and s symbols, where 
m = n (ni + 1) - 1 - I n. • The following result shows that we 
i=l i=l 1 
can construct more mutually orthogo~al F-hyperre~tangles if a set of 
mutually orthogonal k-dimensional latin hypercubes of order s also 
exists. 
THEOREM 2.4. If there exist orthogonal arrays OA(Ni,ni,s,2). for 
i = l, ... ,k, and a set of t ·mutually orthogonal k-dimensional latin 
. k hypercubes of order s, then there ex1st t n n1 mutually orthogonal 
. 1=1 . 
F-hyperrectangles of size N1 x N2 x ••• x Nk and s symbols. 
Proof. Let the s symbols be 0,1,2, •• ~,s- 1. Let each OA(N1,ni,s,2) 
be denoted by A1• Let A= A1 ®A2 ® ... ® Ak, where ® denotes the 
. k k .• 
Kronecker product. Thus A is an n ni x n Ni array whose entries 
i=l i=l . 
are a k-tuple of integers module s. Identify the rows of A by the 
k-tuples of integers (i, ••• ,ik), ·1 ~ iq ~·nq, and the columns by 
the 1<-tuples of integers (j1, ... ,jk}' 1 < j < N. For each 
- q- q 
h = 1,2, ... ,k, the h~ coordinate of the element in the (i 1, ... ,ik)th 
row and the (j 1, ... ,jk)~ column of A is the ·element appearing in the 
ihth row and the jhth column of Ah. Thus the (i, ... ,\)th row of A 
is obtained from the i1th row of A1, the ; 2~ row of A2, ... , and 
the ikth row of Ak. 
Let {L1,L 2, ... ,Lt} be a set of t mutually orthogonal 
k-dimensional latin hypercubes of order s . Coordinatize the sk 
,.cells of L1 
' 
0 ~.ti ~ (~- 1). Replacing each entry, ·(a1,,a2, ... ,ak)' with 
. . 
· 0 ~ ai. ~ (s - 1), of A with the .~ymbol 0 ~ r ~ (s·- 1) coming 
from the (a1 ,a2, ••• ,ak) coordinate'of Ll' we get an array A of the 
. . .. k 
integers 0,.1 ,2, ••• ,s - 1. Using the coordinates of the n N1. columns 
. i=l 
of A as the coordinates of a hyp~rrectangle of size N1 x N2 x ••• x 
. . k . 
rows defines a hyperrectangle of size each of these n n1 i=l 
Nl X N2 X ••• X Nk 
.· . k . . 
and s symbols. These n n1. hyperrectangles 
. i=l . 
are F-hyperrectangles that are mutually orthogonal. Using L2 we 
can obtain .h ni more f.;.hyperrectangles·that are mutually or~hogonal. 
k 1=1 . . 
The n ni F-hyperrectangles obtained from L1 are orthogo. nal to the 
i=l 
k . 
n ni hyperrectangles obtained from L2 since L1 is orthogonal i=l . k 
to . L2 • Hence we have 2 n·ni mutually orthogonal 
i=l . 
F-hyperrectangles. 
·Altogether from the set {L1,L2, •.• Lt} we can obtain~ set of k t n n. i=l 1 
mutually orthogonal F-hyperrectangles. 
. k 
Remark. Theorem 2.4 says that t n n1 mutually orthogonal F-hyper-
. i=l 
rectangles can be constructed from orthogonal arrays and mutually 
orthogonal 
k 
1 - I n. 
. 1 1 1= 
k 
latin hypercubes. Cheng (1980) showed that i~l (n; + 1) -
mutually orthogonal F-hyperrectangles can be constructed 
from orthogonal arrays. Thus theorem 2.4 can construct more mutually 
orthogonal F-hyperrectangles if and only if 
k k 
t n n. > n (n. + 1) - 1 -
. 1 , . l , 1= 1= 
k 
I 
i =1 n; ' 
' • 
e· :that is, if and only if 
' 
k k k 
t > ( n (n1 + 1) - 1 .- . r nl. )/ n ni = u • 
1=1 i=l i=l 
This gives a lower bound for the number t of mutually orthogonal latin 
hypercubes needed to obtain more mutually orthogonal F-hyperrectangles 
than by previous meth~s. It can be seen that 
When ·s is a prime or prime power Kisheri _(1949) showed that 
. k 1 s - . there exists a set of t = s _ 1 - k mutually orthogonal k-dimensional 
latin hypercubes of order s • In this case t = s: : ~ ~ k > 2k - 1 
k > u • 
.. 
' 
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